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Presentation Notes

 	Good day. I wish to thank everyone involved in organizing this research meeting and for giving me the opportunity to speak to you about my idiosyncratic view of the fractional calculus and complexity. Recall that calculus means to reason quantitatively, and so my remarks are going to be less about the formal mathematics of the fractional calculus and more about the reasoning that it entails for complex physical, social and biological phenomena. But primarily how it may make you think differently about the dynamics of social groups.
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Why fractional calculus?

• Why a fractional calculus?
 new ways of thinking
 complexity
 dynamics and fractals 

• Complex dynamic networks
 critical behavior
 consensus

•Fractional dynamics
 simple fractional operators
 fractional rate equation
 Mittag-Leffler function
phase space fractional equations

• Conclusions

Classical 
Geometry 

Fractal
Geometry

Fractal
Dynamics 

Presenter
Presentation Notes
	The reason to study the fractional calculus is its inextricable link to complexity and that it provides a way to think systematically about complex phenomena in general. The geometry of Euclid is fine when things that are well ordered, but not for the design of living systems, or for describing the complexity of earthquakes, avalanches, turbulence, traumatic brain injuries, wounds and political parties. For these and other complex phenomena the notions of scaling and fractals were introduced and through them new ways of thinking about dynamics and geometry  were developed. 
	But even when geometry is applicable there is no just one kind of geometry. Around the turn of the twentieth century, those people that studied such thing would have said there were there separate geometries. The along came Mandelbrot, who introduced a fourth; fractal geometry. Note the camouflaged soldier lying behind the fallen tree.
	I will try and convince you that scaling and fractals were the harbingers of the fractional calculus; the calculus necessary to capture the rich dynamics of  complex phenomena. The outline of my talk is given in this power point and if I stopped to explain what each of the section headings meant I will have given the talk. So I will assume that you have some vague notion of what lies ahead and plunge on.
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• Army research problems

• All research barriers can be 
traced back to complexity

• Chaos
• Statistics
• Multiple scales  
• Criticality

• How do we understand 
complexity? 

Complex systems

Presenter
Presentation Notes
	Here we point out that there is no universally accepted definition of complexity in science. I contend that upon close examination, every barrier to research in each and every discipline can be traced back to an aspect of complexity that we do not have the mathematics to properly model.
	One kind of complexity is chaos, out of the nonlinear dynamics circle. Where we only have limited predictability due to the nonlinearity-induced sensitive dependence on initial conditions..
	A quite different kind of complexity comes out of systems theory, where the system as a whole is determined by entropy and the importance of individual trajectories is lost, only the ensemble of trajectories matters and the corresponding probability density function.
	We also have the phase transitions that arise in collective behavior, where the short range interactions between elements become long range and non-local heterogeneous and memory effects seem to dominate the behavior.
	Of course, these separate domains are made for our convenience and lend themselves to our modeling efforts. It depends on where the lamppost is located!  But they can all be viewed from a single perspective, so let us review a little about the paradigm shift that modeling complexity has engendered, before we focus in on the fractional calculus.
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Fractional thinking

• Introduce in-between thinking:
− between integers are infinity of non-integers

− between integer-order moments are fractional moments

− between integer dimensions are fractal dimensions

− between integer Taylor series are fractional Taylor series

− between integer-valued operators are fractional-order operators

• This tutorial is on how the fractional calculus provides
insight into complex phenomena.

2016

• Complexity is emphasized, which highlights the inability of traditional analytic 
functions to satisfactorily characterized the rich structure of complex dynamic 
phenomena in both space and time.

2012

2016

Presenter
Presentation Notes
	To get away from the tyranny of analytic functions and ordinary differential equations I focus of my remarks on in-between thinking: the infinity of non-integers between the integers; the fractional moments between the integer moments; the fractional dimensions between the integer physical dimensions and the fractional-order operators between the integer-order ones.
	I reiterate that the emphasis is on complexity and the inability of the traditional calculus to provide solutions in terms of analytic functions that cannot capture the full rich structure of a process in space and time.
	The in-between values dominate!!
	In order to get into the frame of mind that will be amenable to thinking differently let us follow a white rabbit and join Alice in Wonderland, where things were different.
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Out with the old…

….NEW WAY OF THINKING….

old new

Why is the fractional calculus entailed by complexity?

2016

Presenter
Presentation Notes
	Here Alice is unsuccessfully trying to understand the conversation involving the rabbit, door mouse and mad hatter.  She is confused by the apparent lack of rules governing the world in which she finds herself. Things that were relatively simple back home, like a three-dimensional solid object, seem unnecessarily complicated in Wonderland. However she does grow to understand that rules do exist that are just different from those that determine the world she left behind.  Like Wonderland the new kind of quantitative reasoning about complexity has rules that are very different from those with which most of science is familiar and you are here making up. 
	The short answer to the question in the power point is that the fractional calculus is not entailed by complexity; no more than Newton’s mechanics entail fluxions. But the calculus is far superior to geometry in describing mechanics even though the calculus of fluxions is not to be found in the Principia except by the most perceptive
	In a similar way I believe that many of the complex phenomena that have often required tortuous explanations, using traditional methods today, will eventually be shown to be more naturally described using the fractional calculus.
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Fractal dimensions

How pervasive are non-integer phenomena?

…from integer to non-integer…

Presenter
Presentation Notes
	So if you are confused do not worry. I felt that way all the time when talking with Benoit Mandelbrot.  What he would say and what I would hear were often not all the same thing.  I was fortunate to meet him when I was a graduate student and eventually we became friends, in part, because I was doing research in nonlinear dynamics. An area of research that he thought valuable, but which he himself did not contribute.
	the question we must first answer is how pervasive are non-integer phenomena? Are fractals everywhere? The short answer is yes. But not just the geometric fractals, but the fractals of changing processes as well. So how do we know that?
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Fractal processes ?

Complex Webs: Anticipating the Improbable, B.J. West and P. Grigolini, Cambridge (2011).

Empirical Power Laws

Presenter
Presentation Notes
		First I state without proof that the hallmark of complexity is scaling and the result of scaling is inverse power laws, both in space and in time. Here we take a list from a text on complexity and networks for a wide variety of phenomena whose properties are captured by an inverse power-law distributions that are non-normal and non-ergodic.  We offer this list as an indication of the spectrum of phenomena, covering ten disciplines that scale with a non-integer exponent and consequently may be described by fractal functions. 
		We now determine what the equations of motion for such phenomena might be.
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Fractional PDEs

• There are a number of ways to derive fractional PDEs for PDFs that are 

fractional in both space and time: 
• Using the continuous time random walk (CTRW): Metzler & Klafter, Phys. Rept. 339,1 

(2000); Shlesinger, West & Klafter, Phys. Rev. Lett. 28, 1100 (1987).

• Averaging over chaotic trajectories: Zaslavsky, Phys. Rept. 371, 461 (2002)

• Subordination arguments: Pramukkul,, Svenkeson, Grigolini, Bologna & West, Adv. Math. Phys. 

2013

• The solution to this fractional PDE has the scaling 

form:

Uchaikin, Int. J. Theor. Phys. 39, 3805, 2000.

• We apply subordination theory to dynamic groups.
2016

Presenter
Presentation Notes
	Here we mention three ways to derive the fractional PDEs in both space and time. I first learned of the fractional calculus by using CTRW to explain anomalous diffusion with Seshadri in 1984. This is a random walk process that has PDF for steps of various lengths and waiting time PDF for sojourning at a site between steps.
	Another derivation of fractional PDEs was based on a generalization of averaging over the particle trajectories to obtain the Fokker-Planck equation. When the trajectories are chaotic the averaging must be done using renormalization group theory arguments by Zaslavsky.
	The third method is that of subordination theory and dates back to the work of Fechner in the middle 19th century in which he distinguished between the objective time measured by a clock and the subjective time experienced by individuals. It a version of this latter form that we follow here.
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Complex Network Dynamics

Human network Network model

• Two-state master equation decsion making model (DMM)
• DMM is member of Ising universality class

– phase transitions to consensus
– scaling behavior
– temporal complexity

• How does the network dynamics influence individual 
dynamics?

• One approach to the fractional calculus

2014

Presenter
Presentation Notes
	Fractional equations of motion have often been made by assertion, that is, the traditional Newtonian force laws are replaced with a version of their fractional counterpart.  This lack of a systematic approach has resulted in a number of misinterpretations of the underlying biological, physical or social processes. 
	As I said, the method I use to construct the fractional equations of motion  uses subordination theory. To introduce the method let me introduce a network model. The model is a simple one and is based on individuals having two choices (states) and their interaction is based on the fundamental assumption that people imperfectly imitate one another.  Mathematically this is described by a two-state master equation with nearest neighbor interactions. This decision making model undergoes phase transitions to reach consensus, it scales and it is temporally complex. All this is described in a book recently published by Springer. 
	Of interest  to us here is not what the emergent properties of the dynamic network are, that can all be found in the book and supporting publications, but what these properties entail about the dynamics of the individual. We  find that the method of subordination gives rise to an exact fractional equation of motion for  an individual.
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Subordination 1

( ) ( ) ( ) 0)1(      )1(1 sgnsnsgns nττ ∆−=⇒∆−=+

• Subordination models numerical integration of individual opinion s(n) in 
discrete operational time n:

• This is the time experienced by the individual and for                 is a
Poisson proces

• The influence of network dynamics on individual in chronological time t
is (The Organization Man)

( ) ( ) ( ) ( ) '''
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=

ψ Pramukkul, Svenkeson, Grigolini, Bologna & West, 
Advances in Mathematical Physics 2013, Article ID 498789 
(2013).

1<<∆τg

Probability density of 
last of n events occurs
in time (0,t’)

Probability no event
occurs in (t-t’)

Presenter
Presentation Notes
	The analysis of individual response starts with the discrete dynamics of the probability of being in the up or down state denoted by s(n). The solution is of course an exponential for very short time intervals.  The influence of network dynamics is heuristically incorporated into the individual's dynamics by assuming the discrete index to be an operational time that is subordinated to the statistics of the complex network. 
	In subordination theory the discrete operational time is assumed to index the occurrence of an event that induces a change of opinion on the part of the individual. The statistics of these events are given by the survival probability Ѱ(t) and the waiting-time probability density ѱ(t) generated by the network dynamics.  These quantities are given here by the numerical simulations of the DMM to have the hyperbolic forms shown on the next power point. They have been numerically shown to be renewal. 
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Subordination 2

𝜕𝜕 + 𝝐𝝐 𝛼𝛼 𝑠𝑠(𝑡𝑡) = −𝛾𝛾𝛼𝛼 𝑠𝑠(𝑡𝑡) ;  𝛼𝛼 = 𝜇𝜇 − 1

𝛹𝛹 𝑡𝑡 =
𝑇𝑇

𝑇𝑇 + 𝑡𝑡

𝜇𝜇−1

𝑒𝑒−𝜖𝜖𝜖𝜖

• The waiting-time distribution and survival probability are taken from numerics.

• Solve the subordination equation using Laplace transforms to obtain fractional 
differential equation for average individual opinion:

• This is the predicted average dynamics of the single individual within the social 
network.

Presenter
Presentation Notes
	There are a number of discussions of the interrelations among renewal theory, the IPL distribution and the fractional calculus. We used the results of numerical calculations to determine the average probability difference for the single individual to obtain the fractional differential equation for the average opinion of the individual. 
	Note that this heuristic model results in a dynamic equation for the average opinion of a random individual in the network. So how well does the solution to this fractional equation compare with the numerical results of a single individual interacting within a DMM society in the various regimes of the control parameter.
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Subordination 3

• Solution to FDE is the tempered Mittag-Leffler function

• Fractional dynamics of individuals in complex networks; Turalska& West, 
Frontiers in Physics (under review)

K ≤ KC K = KC K ≥ KC91.0=α 81.0=α
53.0=α

2 0.99r ≥

Network Effect

𝜕𝜕 + 𝝐𝝐 𝛼𝛼 𝑠𝑠(𝑡𝑡) = −𝜆𝜆𝛼𝛼 𝑠𝑠(𝑡𝑡) ;  𝛼𝛼 = 𝜇𝜇 − 1

𝑠𝑠(𝑡𝑡) =𝐸𝐸𝛼𝛼(− 𝜆𝜆𝜆𝜆 𝛼𝛼)𝑒𝑒−𝜖𝜖𝜖𝜖

Presenter
Presentation Notes
	We find that the dynamics of the average opinion of a randomly chosen individual can be represented by a tempered fractional differential equation FDE, which we now know has an analytic solution given by a Mittag-Leffler function. The parameter alpha is typically less than one for the DMM.
	In the subcritical, critical and supercritical domains the MLF fits the numerical results for the influence of 9,999 individuals on the average behavior of a single randomly chosen individual with an r^2>0.99 in all three domains. Thus, to a high degree of accuracy the fractional equation of motion captures the influence of the dynamic network on the behavior of the individual. Notice that the decision making of the individual is no longer exponential as it is when decoupled from the network; it now has a long tail. This might be called the Network Effect or the Organization Effect.




Synthesis and Processing of Materials

13

Tale’s End

Conclusions

• FC is a strategy for systematically addressing
complexity-induced research challenges.

• FC entails a new way of thinking, as different
as geometry is from number theory.

• FC provides a framework for the dynamics of
scale-free complex networks.

• The influence of a network on an individual is
described by a stochastic FDE.

• Network dynamics transforms a capricious
decision maker into a thoughtful one.

2016 2017

Presenter
Presentation Notes
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